The bootstrap statistical method is applied to the discrepancy in the l-charged particle decay modes of the tau lepton. This eliminates questions about the correctness of the errors ascribed to the branching fraction measurements and the use of gaussian error distributions for systematic errors. The discrepancy is still seen when the results of the bootstrap analysis are combined with other measurements and with deductions from theory. But the bootstrap method assigns less statistical significance to the discrepancy compared to a method using gaussian error distributions.
I. INTRODUCTION
At present there is a problem1*2] in fully understanding the decay modes of the tau lepton to l-charged particle. The average directly measured value11 of the inclusive, l-charged particle, branching fraction, Br, is (86. B r3ro : r-+ u, + 7r-+ 37r"
As shown in Table 1 from Ref. 2 , this sum is less than (80.6 f 1.5)%, 6% less than the directly measured value of B1. This is the r decay mode problem. The bootstrap method, Sec. II, requires multiple measurements of a quantity.
We can apply it to B1 , Be, B,, B,, and BP which have been repeatedly measured, Tables 2-6 and Sec. III. But we cannot apply it to the smaller branching fractions such as Brzro and Brzro, which have few or no measurements. The branching fraction for the l-charged particle decay modes containing K mesons is based on a few connected measurements, and is again not suitable for the bootstrap method. Fortunately this branching fraction is small.
In Sec. IV we apply the bootstrap method to the quantity AB = Bl -(BP + B, + B, + B,) , obtaining means and confidence levels for AB. We compare these findings with the upper limit on AB given by the sums of the branching fractions in rows .
3 and 4 of Table 1 . This comparison is done in Sec. V. We find that there is still a discrepancy in understanding the l-charged particle decay modes, but the discrepancy is less striking than when studied using normal error analysis.ll
II. THE BOOTSTRAP STATISTICAL METHOD
Consider a set of N measurements yr, y2 . . . ye of a quantity y. Randomly select one of the set, note it, and replace it in the set. Carry out N such random selections with replacement forming a bootstrap replication set, r(l), with N members: y[, yl . . . y;. Some of the yn will appear as several yi's, some yn
will not appear at all in r(1). Let g*(l) be the mean value of the y;'s in r (1) calculated by giving each yi the weight l/N.
In the simplest form of the bootstrap method this replication is carried out R times, constructing sets r(l), r(2) . ..r(R) with means g*(l), g*(2) . ..fj*(R).
From these sets one directly calculates various properties of the distribution of the R means, properties such as the standard deviation of the mean and various confidence intervals for the mean. Thus the errors assigned by the experimenters to their measurements are not used in this analysis. References 3 and 4 give a general description and a technical description of the bootstrap method.
In this paper we use the trimmed mean concept. Consider a bootstrap repli- 
III. BRANCHING FRACTION MEASUREMENTS
The branching fraction measurements are given in Tables 2-5 are not used for reasons given in Ref. 1 . Tables 3 and 4 give 6 measurements of BP and 7 measurements of B,.
Some of the leptonic branching fraction measurements, B, and B,, are complicated by the conventionally accepted existence of the universality relation
or by strongly correlated errors in the two measurements. Therefore the measurements are divided into two groups. Table 5a lists 14 measurements with independent values of B, and B,. Table 5b lists 7 measurements constrained by Eq. 1 or highly correlated.
IV. ANALYSES
We have conducted two conventional bootstrap analyses of the measurements, the two differing in how B, and B, are treated. We have also conducted one unconventional bootstrap analysis using weighted mneasurements.
A. Analysis Ignoring Correlations Between B, and B, _
In this analysis we ignored the correlations between the Be and B, measurements in Table 5b , treating those measurements the same as the independent measurements in Table 5a . This gave 14 values of Be and 20 values of BP. Our first step was to produce 500 bootstrap replications of the five branching fractions Bl, BP, B, B,, and B,. The means and standard deviations of the bootstrap 25% trimmed means are in Table 6 . The second step in the analysis was to produce 2000 bootstrap replications of AB obtained by sampling 2000 times from the 500 bootstrap means of Be, the 500 bootstrap means of BP, and so forth. This gave the 25% trimmed mean and the bootstrap confidence levels of AB in Table 7 Table 5b . The bootstrap replication sets for B, and B, were constructed by first drawing with replacement 7 (B,, B,) pairs from Table 5b . Then 7 B, samples were drawn with replacement from Table 5a . Similarly 13 BP samples were drawn from Table 5a . Thus a B, replication set with 14 values was formed and a B, set with 20 values was formed. As before we produced 500 bootstrap replication sets of B, and B,.
These 500 new sets of B, and B, were combined with the previous 500 sets of B1, BP, and B, to make 2000 bootstrap replications of AB. The properties of this sample of 2000 values of AB are given in Table 7 . Taking account of the (Be, B,) correlations in Table 5b has a negligible effect on the confidence level intervals.
C. Analyses Using Weighted Measurements
Although one strength of the bootstrap method is its independence from error estimation for individual measurements, it is interesting to investigate the effect of using the individual errors to weight the measurements. Tables 2-5 give the statistical, systematic, and combined errors quoted by experimenters for their own measurement. Calling ai the combined error for measurement i, the relative weight is l/o:.
We used these weights in the bootstrap analysis by finding a constant C such that an interger ni -C/of (2) is associated with measurement i. We then formed a larger measurement set with measurement i repeated ni times.
Using the enlarged measurement sets, 200 bootstrap replication sets were produced for Bl, BP, &, Be, and BP. (The correlations in Table 5b were ignored.) Table 6 gives the 25% trimmed means and standard deviations. Finally, 800 bootstrap values of AB were generated from these sets. Table 7 gives the properties of AB.
V. DISCUSSION OF THE DECAY MODE PROBLEM
The most reliable application of the bootstrap method is the analysis in Sec. 1V.B. From Thus the 99% lower limit on AB from the bootstrap analysis exceeds the 95% upper limit on AB from rows 3 and 4 of Table 1 . The discrepancy persists in the l-charged particle decay modes of the tau.
However the discrepancy is less striking than is found with the normal error analysis method. The right column of Combining Eq. 5b with Eq. 4, we see a more striking discrepancy than that provided by the bootstrap method. But in the normal error distribution comparison we are considering discrepancies at the 3 to 4 standard deviation level, and our P understanding of the true error distribution is insufficient to justify the use of so many standard deviations. Hence the bootstrap method provides a less severe, but better justified, description of the decay mode problem.
The difference between the bootstrap result and the normal error distribution result is illuminated by comparing in Table 6 the results from the conventional bootstrap analysis, from the unconventional bootstrap analysis, and from the normal error distribution analysis. As expected the latter two methods give similar means and errors. But the use of weights derived from the individual errors brings us back to the question of whether the individual errors are all correct. We went to the bootstrap method to avoid this question. Therefore we do not rely in this situation on the use of weighted measurements in the bootstrap method.
VI. CONCLUSIONS
We have three conclusions. 2. The bootstrap analysis given AB > 13.9% with 99% confidence. This is a smaller value than the corresponding quantity computed using normal error distributions and quoted errors.
3. The problem of understanding the tau l-charged particle decay modes persists. u,+7r-+n7r" u,+7r-+n7r" n>3 n>3 uT+7r-+mq+n7ro uT+7r-+mq+n7ro + l-charged particle + l-charged particle Table 5b in Table 5b 
